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Abstract

Using continuous-time stochastic differential equation (SDE) proxies to stochastic optimization
algorithms has proven fruitful for understanding the generalization abilities of the optimizers. These
approaches are mainly based on the so-called ‘entropy flows’, which significantly simplify the
generalization analysis. Unfortunately, such well-structured entropy flows cannot be obtained for
most discrete-time algorithms, and the existing SDE approaches remain limited to specific noise
and algorithmic structures. We aim to alleviate this issue by introducing a generic framework for
analyzing the generalization error of Markovian algorithms through ‘Poissonization’, a continuous-
time approximation of discrete-time processes with formal approximation guarantees. Through this
approach, we first develop a novel entropy flow, which directly leads to PAC-Bayesian generalization
bounds. We then draw novel links to modified versions of the celebrated logarithmic Sobolev inequal-
ities (LSI), identify cases where such LSIs are satisfied, and obtain improved bounds. Beyond its
generality, our framework allows exploiting specific properties of learning algorithms. In particular,
we incorporate the noise structure of different algorithm types—namely, those with additional noise
injections (noisy) and those without (non-noisy)—through various technical tools. This illustrates
the capacity of our methods to achieve known (yet, Poissonized) and new generalization bounds.

Keywords: Generalization Bounds, Markov Algorithms, Poissonization, Log-Sobolev Inequalities.

1. Introduction

Understanding the generalization ability of machine learning algorithms remains a crucial challenge.
We model such learning problems by a tuple (¢, Z, 11, H) where H is a parameter space (H = R¢
in our study), Z is a data space, i, a data distribution and ¢ : H x Z — R is a loss function.
The aim is to minimize the population risk R(w) := E.,. [((w, z)| over the parameter space
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‘H. Unfortunately, as ., is unknown, practitioners resort to the minimization of the empirical risk
Rs(w) = LS L l(w, %), where S = (21, ..., 2,) ~ p$™ is a dataset sampled from ..
Modern machine learning systems achieve this minimization through the use of stochastic
optimization algorithms. In our study, we focus on iterative algorithms with a Markov chain structure:
X ;f = F(X ;f , U, S) where S € Z™ and U}, denotes the external randomness of the algorithm,
independent of S. This encompasses many popular algorithms, including stochastic gradient descent
(SGD) with constant step size (Dieuleveut et al., 2018) and stochastic gradient Langevin dynamics
(SGLD) (see (Camuto et al., 2021; Hodgkinson et al., 2022) for a more detailed list). To assess the
learning quality beyond S, it is classical to provide generalization bounds on the learned parameter
X7, i.e. upper bounds on the quantity G(X};) where Gg(w) = R(w) — Rg(w). To provide
computable guarantees, a popular approach is to derive high probability bounds of the form':

Complexity + log(1/¢)
Py, en (E [Gs(XD)IS] < \/ - >1-¢, (1)
where the term Complexity translates a certain facet of the learning problem, for instance, the
Rademacher complexity (Bartlett and Mendelson, 2002) or the VC dimension (Vapnik, 2000).

Generalization bounds for iterative algorithms. The classical algorithm- and data-independent
approaches cannot fully exploit the problem structure. Thus, other techniques have been proposed,
such as algorithmic stability (Bousquet, 2002), yielding generalization bounds for SGD under certain
assumptions on the loss (convexity, Lipschitz, and/or Lipschitz gradient) (Hardt et al., 2016; Feldman
and Vondrak, 2019). Unfortunately, these bounds might not be time-uniform in non-convex settings
with constant step size (Bassily et al., 2020). Recently, Zhu et al. (2023) proved Wasserstein stability
bounds by relying on the Markov properties of SGD. This iterative structure was also exploited by
Camuto et al. (2021); Hodgkinson et al. (2022); Andreeva et al. (2024) through geometric properties,
at the cost of having non-explicit mutual information terms in the bounds. Another prospect is that
of information-theoretic bounds, which provided expected bounds for noisy algorithms (e.g., SGLD)
(Xu and Raginsky, 2017; Negrea et al., 2019; Haghifam et al., 2020) and have been extended to SGD
by Neu et al. (2021) at the expense of potential time and dimension-dependence.

Of particular interest to us are PAC-Bayesian bounds (McAllester, 1999; Catoni, 2007) where the
term Complexity in Equation (1) is typically expressed as KL (Law(X})||), where  is a data-
independent ‘prior’ distribution, Law (X ?) is called the ‘posterior’ distribution and KL (-||-) is the
Kullback-Leibler divergence (KL). In particular, Clerico et al. (2023) proved PAC-Bayesian bounds
which can handle even deterministic algorithms as well as SGD under gradient-Lipschitz losses and
small learning rate, but with a potentially diverging dependence on the number of iterations.

Continuous-time analysis. Another popular route is to analyze the generalization error of ‘continuous-
time algorithms’ (Y;S )t>0, typically represented by stochastic differential equations (SDE), for their
structure is often easier to understand (e.g., existence of a Fokker-Planck equation) and they may
provide insights for discrete-time algorithms. Indeed, for specific noise distributions, continuous-time
analysis can be used to derive bounds on the discrete-time counterparts (Mou et al., 2017; Dupuis
and Simsekli, 2024) and continuous-time algorithms are often viewed as approximations of discrete
ones. A fundamental example is SGD, approximated by Langevin processes (Li et al., 2018; Cheng

1. We use < for informal statements omitting absolute constants or weakly relevant terms.
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et al., 2020; Li et al., 2021; Arous et al., 2023; Mandt et al., 2016; Anastasiou et al., 2019; Xie et al.,
2021) and heavy-tailed SDEs (Simsekli et al., 2019; Giirbiizbalaban et al., 2021; Raj et al., 2023a,b).

Among these continuous-time algorithms, the generalization error of the continuous Langevin
dynamics (CLD) (and its discrete-time counterpart SGLD) has been widely studied through a variety
of approaches (Raginsky et al., 2017; Farghly and Rebeschini, 2021; Dupuis et al., 2024). Several
methods rely on PAC-Bayesian theory and information-theoretic tools (Mou et al., 2017; Li et al.,
2020; Futami and Fujisawa, 2023) where the goal is typically to upper bound the KL divergence
KL (Lawv(Yfq )||77), where 7 is a potentially time-dependent prior distribution. These techniques
often rely on the so-called (relative) entropy flow, which has proven very useful in numerous settings:

%KL (Law (Y)||m:) = (Fy — J) < (F — KL (Law(Y;")||mt)) , )
where F and F3 are quantities usually dependent on the stochastic gradient norms, .J is a Fisher
information term (Chafai and Lehec, 2017) and the inequality above is a consequence of the celebrated
logarithmic Sobolev inequality (LSI) (Gross, 1975; Bakry et al., 2014). When combined with classical
information-theoretic bounds (Germain et al., 2009; Pensia et al., 2018), Equation (2) leads to time-
uniform generalization bounds. This entropy flow technique was recently extended to a--stable noise
by Dupuis and Simsekli (2024) and has been adapted to analyze the differential privacy of noisy
algorithms (Chourasia et al., 2022). One of its advantages is to open the door to time-uniform bounds
through a more flexible set of assumptions, compared to other approaches mentioned above.

Despite its success, this approach remains essentially limited to Gaussian (or a-stable) noises. In
particular, the interpolation techniques used by Mou et al. (2017); Dupuis and Simsekli (2024) to
deduce discrete-time bounds from continuous-time analysis rely on this noise structure. Moreover,
the approximation of discrete-time optimizers by continuous-time dynamics remains largely disputed
(Li et al., 2021; Wojtowytsch, 2021) and restricted to rather unrealistic settings, like small learning
rates (Li et al., 2018) or high-dimensional limits (Ben Arous et al., 2022).

Extending the scope of continuous-time analysis. In this work, we aim to alleviate these issues
and extend the entropy flow technique by utilizing a new class of continuous approximations of
discrete-time Markov algorithms? with formal approximation guarantees, which we now describe.
For a given Markov algorithm X, ;| = F(X?, Uy, S), we define the Poissonization of (X} ) as
the continuous-time process Y,% := X ]*?,t, where Ny is a Poisson process (Lasota and Mackey, 1994)
(see Definition 1) . This technique has been classically used in the analysis of the convergence of
Markov chains (Diaconis and Saloff-Coste, 1996; Chen et al., 2008; Caputo et al., 2024; Del Moral
et al., 2003; Wang and Wu, 2020), notably by relying on modified versions of LSIs. Moreover,
contrary to all continuous-time approximations of discrete-time algorithms, Poissonization is not
problem-specific, meaning that it can be applied similarly to all Markov algorithms. Recently,
Poissonization® emerged in optimization theory in Even et al. (2021) to study Nesterov acceleration.

A major innovation in our work is to connect Poissonization with the theory of generalization and
thus, unveiling new links between generalization and convergence of Markov algorithms. Through
an elegant formulation of the entropy flow, Poissonization acts as a tractable method to leverage the
continuous-time machinery to analyze discrete-time algorithms.

2. Such a focus on Markov algorithms is not new in the generalization field (Camuto et al., 2021; Hodgkinson et al.,
2022; Chandramoorthy et al., 2022; Zhu et al., 2023).
3. It is called continuization by Even et al. (2021) and continuous-time semigroup by Diaconis and Saloff-Coste (1996).
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Contributions. We summarize our contributions as follows:

1. We propose in Section 3 a framework to analyze the generalization error of Poissonized Markov
algorithms by (i) deriving a closed-form expression of the associated entropy flow and (ii)
showing that the Poissonized generalization error is a sound approximation in certain cases.

2. We show that if the algorithm (X} )rew is convergent as k — oo, the Poissonized gener-
alization error Gg(Y;”) (at time ¢ = k) will coincide with Gg(X}) at a rate matching the
convergence of (X ;f )ken- In addition to the existing literature on “depoissonization”, which
suggests that Poissonized generalization bounds can be informative in numerous cases, our
result provides an alternative sufficient condition, which further highlights this fact.

3. Our entropy flow formula is formally similar to the previously studied Equation (2) and can be
written as %KL (Law(Y;%)||m¢) = A(t) — Dg(t), where the first term A(t) is a new notion
of ‘local distance’ between a prior and a posterior dynamics. We unveil the structure of the
entropy flow in Section 4 by showing that the second term Dg (t) is connected to a class of
modified LSIs that have been initially introduced for the convergence analysis of discrete
Markov chains. We further prove that these modified LSIs can lead to time-uniform bounds
and are satisfied by a certain class of probability distributions.

4. In Section 5, we apply our methods to two types of Markov algorithms, given that the noise
distribution is continuous (e.g., SGLD) or singular (e.g., SGD). This allows us to recover
known results and propose new generalization bounds under specific assumptions.

2. Technical Background

Markov kernels. Let B(R?) and P(IR?) denote the Borel sets and the Borel probability measures
on R%. Given a time-homogeneous Markov process (X;)rew in RY, the Markov kernel P(z, A)
describes the probability of observing X1 in a Borel set A, given that X = x. More precisely,
itisamap P : R x B(R?) — R such that Vo € R?, P(z,-) € P(R?) and for all A € B(R?),
the map = ~+ P(z, A) is measurable. Classically P induces maps P : P(R?) — P(R?) and
P: L>®(R%) — L*®(R?) defined for u € P(R?), A € B(R?) and f € L>=(R?) by:

UP(A) = EJCNM [P(.%', A)] ’ Pf(.%') = IE]wa(:r:,-) [f(y>] .

The operator P : L>=(R%) — L>(R%) may be extended outside of L>°(R?), when it is well-defined.
A probability measure 7 is said to be invariant under P (or stationary) if 7P = 7 and it is said
to be reversible if for all f,g € L>°(R?), one has E, [fPg] = E, [gPf].
Let u € B(RY) having density u with respect to the Lebesgue measure Leb(R9). If also
Pu < Leb(IR%), we will denote its density by P*u, so that for f € L'(uP), we have:

/ Pf(x)u(z)ds / F(@)Pru(z)da. 3)

Poissonization. In all the following, we fix a Poisson process (IN¢);>; with intensity 1, as defined
below (Lasota and Mackey, 1994). It is assumed to be independent of all the other random variables.

Definition 1 (Poisson process) A Poisson process (Ni)i>o with intensity A > 0 is a Lévy process
k
with values in IN, almost surely increasing, such that No = 0 andVk € N, P (N, = k) = e_)‘t%.
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We refer to (Schilling, 2016) for the definition of a Lévy process. Given a time-homogeneous Markov
process (Xj)rxew, we define the Poissonized process as Y; := Xy, (Teugels, 1972; Lasota and
Mackey, 1994). Note that equivalent definitions of Poissonization exist. For instance, Even et al.
(2021) used a stochastic integral formulation in their study of Nesterov acceleration and other authors
favored an approach based on semigroups (Diaconis and Saloff-Coste, 1996). One of the main
features of Poissonized processes is that their probability density function (PDF) u,(-) satisfies a
simple differential equation, sometimes referred to as the “Boltzmann equation” Lasota and Mackey
(1994, Equation 8.3.7). This equation can be written as (a rigorous proof is provided in Section B):

8Ut

vl (P* — Iuy. 4)

Depoissonization. A discrete-time Markov chain and its Poissonized version are known to have
comparable properties (Jacquet and Szpankowski, 1998; Levin and Peres, 2017; Caputo et al., 2024).
That being said, reconstructing the depoissonized distribution of X} from Y; is a technical and
long-standing problem (Teugels, 1972; Vallée, 2018; Jacquet and Szpankowski, 1998) for which we
give a quick introduction in Section F. In Theorem 3 below, we further show that Poissonization
provides a sound approximation of the generalization error of convergent Markov algorithms.

PAC-Bayesian bounds. Analyzing the generalization error of stochastic optimization algorithms
leads to the consideration of randomized predictors, which have been classically studied by PAC-
Bayesian theory (see (Alquier, 2024) for an introduction). More precisely, given S € Z", we define
the posterior pg € P(RR) to be the distribution* of the random output of the algorithm (e.g., SGD).
Given a prior ( i.e., data-independent) distribution 7 € P(RR?), a wide variety of PAC-Bayesian
bounds have related the generalization error to the KL divergence KL (pg||7) (McAllester, 1999,
2003; Maurer, 2004; Catoni, 2007; Germain et al., 2009; Seeger, 2002) (to name a few).

/ 282

In our study, we assume that £ is 32—subgaussian, ie,V\ E [e)‘(z(w’z)_Ez’[e(w’z )D} < eAT.

To utilize this assumption, we use the PAC-bayesian bound proposed by Dupuis and Simsekli (2024),
which is similar to that of McAllester (2003); Germain et al. (2009) in the case of bounded losses.

Theorem 2 Assume that for all S € Z", we have ps < 7 and that { is s>-subgaussian. Then:

PS~u;®" (Eps [Gs(w)] < 28\/KL (pS’|7T)n+ IOg(?’/C)) >1-¢.

3. Poissonized Markov Algorithms

In this section, we express the entropy flow between Poissonized processes, which underlies all our
main results. We introduce our framework in Section 3.1 and derive the entropy flow in Section 3.2.

3.1. A framework for the Poissonization of generalization bounds

In our paper, we apply PAC-Bayesian bounds on distributions that are induced by posterior dynamics
(i.e., the learning algorithm) and prior dynamics ( i.e., data-independent). The precise definitions are
given below and we provide a summary of these notations in Table 1.

4. More precisely, (ps)sczn is a Markov kernel on Z™ x R<.
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* Posterior dynamics. It is a data-dependent time-homogeneus Markov process (X ,f )k>0 With
kernel denoted Pg for a dataset S € Z". The Poissonization (see Section 2) of (X ,f k>0
is denoted (Y;%);>0. We will write p¥’ for the probability distribution of Y;* and 5 for the
probability distribution of X . The PDF of Y;® is denoted u{ (-) (when it is defined). We
assume that (X ,f )k>0 1 initialized from a smooth probability density py and denote X ~ po.

* Prior dynamics. It is a data-independent Markov process (X},)x>o with kernel P. We denote
by i the probability distribution of X}. The prior Poissonized process is denoted (Y});>0, its
probability distribution is denoted 74, and its PDF is denoted ;.

We use the Poissonized distributions pts and 7, as the posterior and prior distributions in Theo-
rem 2 to provide generalization bounds for the Poissonized algorithm, i.e., IE, o5 [Gs(w)]. Whether
this provides pertinent information about the non-Poissonized iterates is a legitimate concern. Beyond
the classical depoissonization results mentioned in Sections 2 and F, we show in Theorem 3 that
B, ps [Gs(w)] (with ¢ = k) approximates By [Gs(w)] for certain Markov processes. Below
TV denotes the total variation distance and the proof can be found in Section C.

Theorem 3 Assume that |¢| < B < oo and that TV (u3, %) — 0 for some 1 € P(R?), a.s. for
S. Then, a.s., E [|Gs(X7) — G’S(YkS)HS] — 0. If moreover there exists C > 0 and as € (0,1)
such that, a.s., TV (uf], p¥) < Cgak, then, a.s., E [|Gs(X}) — Gs(Y9)[|S] < 4BCge~(1-as)k,
If 0 is L-Lipschitz, then we can replace TV by the 1-Wasserstein distance W1 (and 2B by L) in these
statements, e.g., if W1 (u3, 1) < Csal, then B [|Gs(X})) — Gs(V9)[[S] < 2LCge~(1=as)k,

The conditions TV (uy, u®) < Cgak (resp. Wi (), u®) < Cgak) used above are related to
geometric (resp. Wasserstein) ergodicity (Meyn and Tweedie, 1993; Gallegos-Herrada et al., 2023)
that has been widely studied in the context of convergence of Markov chains (Rudolf and Schweizer,
2017). Note that, our condition is weaker than geometric ergodicity: we do not assume the uniqueness
of the invariant distribution. These concepts have received growing attention in learning theory for
their connections with SGD (Zhu et al., 2023) and differential privacy (Simsekli et al., 2024). While
our study is not specific to ergodic Markov chains, Theorem 3 provides a sufficient condition for
ensuring that Poissonization is a relevant continuous-time approximation of discrete dynamics.

3.2. Poissonized entropy flow

When it is defined, we denote v; for the Radon-Nykodym derivative between pf and 7y

vp = (we omit the dependence on S € Z™ in vy).

Ut - dm t
Our theory relies on regularity conditions on v¢, which we now explain. In all the following, we
consider the convex function ®(z) = xlog(x) (and ®(0) = 0). We also fix a time horizon 7" > 0.

Assumption 1 (Regularity) Lett € [0,T] and k € IN, we have { € L'(p; ® p.). Moreover,
pgs 1 < Leb(R%), we have pi < my, the function vy = dpy /dmy is positive, v; € C2(R?), and:

H.1 (Domination) In every compact time interval I, there exists a positive function vy € L' (dx)
such that Vit € 1, |% (w®(vy))| < or.

H.2 (Logarithmic regularity) For v € R, t € [0,T], we have v; € L' (6, P), P(®(v;)) € L*(m),
and log(vy) € L' (py) N L*(py P) N L' (pf Ps).
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The assumptions pf < 7 and

1/ .9 ] Posterior Prior

¢ € L (p; ® p) are natural in our
PAC-Bayesian approach. We suppose ~ Markov kernels 5 S P

g . Discrete Markov process (X7 ) ken (Xk)ken
that py, and pj, are absolutely contin- . . %

1y for simplici hi Poissonized Markov process (Y )es0 (Y0

uous mainly tor §1mp lf:lty ast %s can  Digt. of the discrete process pp k€N ppkeN
be relaxed, as briefly discussed in Re-  pjgt. of the Poissonized process pP t>0  m,t>0
mark 19. Requiring that vy is positive  Density of the Poissonized process uy Ug

and twice continuously differentiable
is a relatively mild assumption. In-
deed, if the initialization X ~ pq is
everywhere positive, then this prop-
erty is preserved for the Poissonized distributions . The fact that v; € C2(R?) implies that the
algorithm is not creating singularities during training. It can be satisfied even by non-noisy algorithms
such as for SGD with a gradient-Lipschitz loss and small learning rate (Clerico et al., 2023).
Conditions H.1 and H.2 regard the minimal integrability properties of v; to ensure the existence
of various terms defined below. In particular, Condition H.1 allows us to differentiate the relative
entropy KL (p,;9 \ |7rt), which is the purpose of our framework. These conditions can be expected to
be mild in practice. For instance, log(v;) € L'(py) is equivalent to KL (p7||m;) < +o0 and the

Table 1: Notations for posterior and prior dynamics.

other integrability conditions on log v, are satisfied as soon as 3K > 0, |log(v;)(y)| = O ( ]| ™ )

and pf P and ptS Pg have finite moments of order K (it typically holds for Gaussian distributions).
Finally, in the case where m; = 7 is an invariant measure for P, the conditions v € Lt (6, P) and
P(®(v;)) € L(v;) are implied by the other conditions (Rudolf, 2012, Lemma 3.6). Assumption 1
is similar to (Dupuis and Simsekli, 2024, Assumption 3.3) made in the case of heavy-tailed SDE:s.

Based on Assumption 1, we can now state the main result of this section, which is a closed-form
expression for the entropy flow between the Poissonized processes Y, and Y;.

Theorem 4 (Poissonized entropy flow) Under Assumption 1, the entropy flow is given by:

d
&KL (prﬂ-t) = Appg (ve) — Egnryy~s, P [De (vi(x),ve(y))] s )

where Dg(a,b) := ®(a) — ®(b) — ®'(b)(a — b) is the Bregman divergence. We call the first term
Appy(vy) =E pS [(Ps — P)log(v¢)] the expansion term and the second the Bregman term.

Proof (Sketch, see Section C) By Item H.1, we have %KL (pZ||m) = [ % (®(v¢)ut)dz. The crucial
step is to use the Boltzmann Equation (4), along with Equation (3) and Item H.2 to make the Markov
operators P and Pg appear in the expression. The result follows by rearranging the terms. Let us
note that this proof technique is not specific to ®(x) = x log(z) and can be seamlessly extended to
the so-called ®-entropies (Bakry et al., 2014, Section 7.6.1). |

Theorem 4 expresses the entropy flow as the difference between the expansion term and the
Bregman term. The expansion term represents a discrepancy between the posterior dynamics Pg and
the prior one P and Section 5 is dedicated to its analysis. By convexity of ®, the Bregman term has
a non-positive contribution to the entropy flow, analogously to the role of the Fisher information
appearing in (Mou et al., 2017, Proposition 2) and the “Bregman integral” considered by Dupuis
and Simsekli (2024) in their study of heavy-tailed SDEs. The Bregman term crucially connects our
framework to modified logarithmic Sobolev inequalities, as we explain in Section 4.
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4. Towards Time-uniform Generalization Bounds

In this section, we study the Bregman term appearing in Theorem 4. We first show in Section 4.1
that it can be related to well-studied modified logarithmic Sobolev inequalities (LSI) (Diaconis and
Saloft-Coste, 1996) and that such modified LSIs can notably improve our generalization bounds. In
Section 4.2, we show that such modified LSIs are satisfied by a certain class of prior dynamics.

4.1. From Bregman integral to modified LSIs

We recall the notion of (classical) LSI (see Bakry et al., 2014; Chafai and Lehec, 2017 for modern
introductions). Let v be a Borel probability measure, we associate to v an entropy functional, defined
as Ent, (f) = Ent® (f) := E, [®(f)] — ®(E, [f]), with ®(2) = xlog(x). The entropy generalizes
the KL divergence, in the sense that Ent,, (du/dv) = KL (u||v) as soon as u < v.

A probability measure 7 is said to satisfy the 8-LSI if for all positive f € L'(7) N C*(R%) we

have the inequality Ent, (f) < %Eﬂ [HV\/f‘ﬂ

For instance, the Gaussian distribution N (0, 0%1;) satisfies a 1/02-LSI (Gross, 1975). Such
inequalities have been extensively studied for their links with the convergence of Markov processes
(Bakry et al., 2014) and geometry (Bobkov, 1996; Otto and Villani, 2000). In learning theory,
they have been used for the generalization analysis of noisy algorithms (Mou et al., 2017; Li et al.,
2020), differential privacy (Chourasia et al., 2022; Ryffel et al., 2022) and PAC-Bayesian bounds
(Haddouche et al., 2024; Casado et al., 2024). In the study of (Poissonized) discrete Markov processes,
it has been shown that the 3-LSI should be replaced by a functional inequality that takes into account
the Markov kernel. This leads to the following notion of modified LSI.

Definition 5 (Modified LSI) An invariant® measure m of the Markov kernel P satisfies a modified
~y-LSI if for any positive f s.t. Vx, f,log f € L'(6,P) and flog f, fPlog f € L' (x), we have:

Ex(log(f), f) = vEntr (f), (6)

where Ey is called the Dirichlet form® and is defined as Ex(f,g) := B, [g(I — P)f].

Such inequalities were introduced by Diaconis and Saloff-Coste (1996) and extensively studied by
Bobkov and Tetali (2006); Bobkov and Ledoux (1998); Goel (2004); Wu (2000); Ané and Ledoux
(2000) to analyze the convergence rate of Markov chains. Bobkov and Tetali (2006) used the term
“modified” to avoid confusion with other inequalities, and we adopted this terminology in our study.
In order to involve modified LSIs, we remark that the Bregman term of Theorem 4 can be expressed
as a Dirichlet form if the prior is an invariant measure of P, as proven in the following corollary.

Corollary 6 Assume that Assumption 1 holds and that P has an invariant measure w. We have

d
&KL (PfHW) = Epf [(Ps — P)(log vt)] — Ex(log vy, vy).

Then, in the next theorem, we exploit modified LSIs to reach a novel generalization bound.

5. Bobkov and Tetali (2006) defined this inequality for reversible measures, we seamlessly extend it to the invariant case.
6. This is a Dirichlet form when 7 is reversible for P, which makes £, symmetric (Diaconis and Saloff-Coste, 1996).
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Theorem 7 (Generalization error of Poissonized algorithms) Assume that { is s*-subgaussian,
Assumption 1 holds, and the prior dynamics has an invariant measure w which satisfies a modified
LSI with constant v, in the sense of Definition 5. Then, with probability at least 1 — ( under S ~ p&™:

1
2s T _ _ _ 3 2
B, ~p5 [Gs(w)] < 7= {/0 e " TDAp p (v)dt + e 7KL (po||7) + log <<>} :

Proof (Sketch, see Section D) We start by using the entropy flow formula of Corollary 6 to obtain
the inequality: $KL (pF||m) = Ap py(v;) — Ex(log vy, vi) < Ap pg(v) — YKL (pF]|7) .
The result follows by solving this differential inequality and plugging the result in Theorem 2. Il

Theorem 7 shows that priors satisfying modified LSIs induce an exponential decay =77~
in our generalization bound. This is analogous to the role of LSIs for Gaussian (Mou et al., 2017)
or heavy-tailed (Dupuis and Simsekli, 2024) SDEs. Thus, determining which measure satisfies a
modified LSI is a key question tackled in Section 4.2. Theorem 7 reduces the problem of controlling
time-uniformly I, s [Gs(w)] for upper-bounding Ap p.(v¢). Such a conclusion is analogous
to Theorem 2, reduces the generalization problem to the control of KL (ptS | ]77,5). This is why in
Section 5, we often directly present upper bounds on either Ap p, (v;) or KL (pf ||7t).

4.2. Modified logarithmic Sobolev inequalities for diffusive priors

To exploit Theorem 7, it is essential to identify which measures satisfy a modified LSI. Several works
proposed modified LSIs for specific Markov chains (Diaconis and Saloff-Coste, 1996; Goel, 2004;
Ané and Ledoux, 2000; Bobkov and Tetali, 2006). In particular, Erbar and Maas (2012) obtained
modified LSIs under a Ricci curvature condition for discrete Markov chains. However, most of these
results are constrained to finite or countable state spaces, which is inconsistent with the continuous
distributions involved in this work. Inspired by the theory of classical LSIs, we consider the class of
prior Markov kernels P that can be represented by diffusions in the following sense.

Definition 8 Consider a twice differentiable gradient-Lipschitz potential V : R¢ — R such that
eV € LY(R?), eV has finite moments of order 2, and the Langevin equation dZ; = —N'V (Z;)dt +
V2dB;, where (Bt)>0 is a standard Wiener process. We say that a Markov kernel P is representable
by this equation at time to > 0 if for all x € R%, we have P(x,.) = Law(Zy,|Zy = ).

The main outcome of this section is that prior dynamics satisfying Definition 8 satisfy a modified
LSI if the invariant measure of the underlying Langevin equation satisfies a classical LSI.

Theorem 9 (Modified LSI for diffusive priors) Assume the Markov kernel P to be representable
at time tg by a diffusion with an ergodic invariant measure , as in Definition 8. Let K > 0 and
f € C?(RY) a positive function s.t. Yz, f,log(f) € L'(5,P), and flog(f), Pflog(f) € L' (x).
If w satisfies a LSI with constant K, then we have the modified LSI:

gﬁ(log f7 f) > CLSIEntﬂ' (f) 5 @)

Kitg

Ktg
1+ Kto .

with c1,g1 = . If we have V2V = K1, then the constant is improved to crg1 = 1 — €™
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We give two examples of diffusive priors of particular interest to this work. First, the following
corollary corresponds to the case of Gaussian priors. Similar to (Mou et al., 2017), we use this
Gaussian prior in the case of an algorithm featuring ¢?-regularization, see Section 5.

Corollary 10  Consider the Markov process defined by X1 = (1 — v) Xy + oN(0, 1) with
v € (0,1),0 > 0. Then the associated Dirichlet form &, satisfies a modified LSI with constant ~y.

Proof (Sketch, see Section D.2) We show that the recursion Xy 1 = (1 — v)X; + oN(0, ) is
representable by the SDE dZ; = —cZ,dt + V/2d B, at time t for certain values of o and ¢ explicitly
given in Section D.2. The result follows from Theorem 9, by the strong convexity of = > § )% m

Second, inspired by (Amir et al., 2022; Dupuis and Viallard, 2023; Dupuis et al., 2024), our
framework makes it possible to use the population risk R as a potential function in Definition 8§,
leading to the use of the SDE dZ; = —cVR(Z;)dt + v/2dB;. Under certain assumptions on R (see
(Li et al., 2020)), the invariant measure satisfies an LSI, making it compatible with Theorem 9. These
examples shed new light on the choice of the prior in information-theoretic generalization bounds.

5. Controlling the Discrepancy Between Markov Kernels for Concrete Algorithms

In Section 4, we have controlled the Bregman term appearing in Theorem 4 through modified LSIs
and then proved that such inequalities were satisfied by diffusive priors. The last step to apply our
theory to practical algorithms is to analyze the expansion term Ap p, (v;). We present two sets of
tools to achieve this, depending on the structure of the algorithm. First, we consider noisy algorithms
in Section 5.1 and then turn to non-noisy algorithms in Section 5.2.

5.1. Poissonized bounds for noisy algorithms and SGLD

The generalization error of noisy iterative algorithm has been extensively studied (Haghifam et al.,
2020; Xu and Raginsky, 2017; Negrea et al., 2019; Bu et al., 2020). In our work, we say that a
Markov algorithm is noisy if for all S € Z" and all z € RY, we have Ps(z,-) < Leb(RY). In all
this section, we consider prior dynamics such that for all z € R?, §, P is equivalent to the Lebesgue
measure Leb(R%) (i.e., ,p < Leb(R?) and Leb(R?%) < §,P). Our main example of a noisy
algorithm is noisy SGD, for which we introduce some notations in the following example.

Example 1 (SGD and noisy SGD) We define X1 = (1 — M) Xy — ngs(Xk, Ux) + Ck, with
learning rate n > 0, regularization coefficient A > 0 (potentially 0), stochastic gradient gs(z, Uy),
and added noise (i. The random variable Uy, represents the randomness of the batch indices. SGLD
corresponds to the case where (i, ~ N (0, oI d4)- We use these notations in several discussions below.

Warm up. We start with a generic bound of the entropy flow for noisy algorithms, which applies to
a general class of noise distributions. The following corollary is a direct consequence of Theorem 4
and an application of Donsker-Varadhan’s formula, the proof can be found in Section E.

Corollary 11 Under the above conditions and Assumption 1, a noisy algorithm satisfies:

T

T
KL(p§||wT)§KL(p0|\wo)+/0 E,s [KL(&IPSH(SQCP)]dt—/O Er, [Do(ve, Pog)]dt.  (8)

If P has an invariant measure ™ and we use Vt, m, = m, then we can simplify the last term as
Er, [Dg(vi, Pv)] = KL (p7||pf PY), where PT is the adjoint of P in L*(r).

10
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To analyze the above proposition, let us compare with a discrete-time (naive) bound of the form
KL (p3||un) < KL (pol|po) + S E, .5 [KL (65 Ps||05P)], which can be obtained by using
the data-processing inequality and the chain rule, see (Neu et al., 2021; Negrea et al., 2019) for
similar ideas. As we consider a Poisson process (V¢ )¢~ of intensity 1, the previous sum is analogous
to the first integral in Equation (8). We note that Equation (8) provides a better bound, with a negative
term that can be seen as an estimate of the error made by the previous reasoning.

The “local” KL divergence KL (6, Ps||d;P) can be estimated in numerous cases. For noisy SGD
with Gaussian or Laplace-distributed noise, up to a relevant choice of prior P ( i.e., corresponding
to X1 = (1 — nA\) X, + (x with the notations of Example 1), we have KL (0, Ps||0,P) <

Ey [qu\g(:z:, U) ||2} . Hence, our framework provides informative bounds for various noising schemes,
such as Laplace noise, which has been considered for differential privacy (Kuru et al., 2022).

The case of SGLD. The term E, [Dg (v¢, Pvt)| appearing in Corollary 11 is different (by Jensen’s
inequality, it is smaller) from the Bregman term featured in Theorem 4. This suggests that modified
LSIs using this term instead of £, (log f, f) would lead to improved bounds with a form similar to
Theorem 7. In the case of SGLD, we were able to circumvent the need for such stronger inequality
and applied our Poissonization framework to prove the following result (see the proof in Section E.1).

Theorem 12 (Poissonized SGLD) Consider the Markov kernel Ps corresponding to SGLD with
nA < 1 and take P and 7 to be the Markov kernel and the invariant distribution of the recursion
X1 = (1 — )Xy + oN(0,1;). Assume that Assumption 1 holds, then we have:

2 T
KL (pflln) < 5 [ e, st )] ar ©

Theorem 12 is proven in Section E.1. Together with Theorem 2, this result provides a generaliza-
tion bound for Poissonized SGLD. Because the underlying Poisson process is of intensity 1, we note
that the order of magnitude of the different terms in Equation (9) are of the same order of magnitude
as the results of Mou et al. (2017) obtained under similar assumptions. Hence, the Poissonization
framework is general enough to recover Poissonized counterparts of classical results.

5.2. Analysis of non-noisy algorithms

Unfortunately, various popular procedures, starting with SGD, are not included in the noisy algorithms
class. Then, can the Poissonization framework cover non-noisy procedures, i.e., when the absolute
continuity property §, Ps < d, P does not hold? The answer is positive: We extend the entropy flow
technique beyond noisy algorithms (under specific assumptions) and reach informative generalization
bounds encompassing both noisy and non-noisy methods, with a focus on SGD.

First-order analysis. To avoid the condition §,Ps < J,P, our main idea is to perform an
expansion of Pg “around P”. This is made more precise by the following proposition, which is
inspired by (Polyanskiy and Wu, 2016, Proposition 1) and (Raginsky et al., 2017, Lemma 3.5).

Proposition 13 Assume that, for all t € [0, T), there exist constants c1,co > 0 such that v, satisfies
the linear growth condition Vx € R?, ||Vlogv(x)|| < c1 ||2|| + co, then we have:

L /c C
Appe(v) < s [Wa(0:P.0,P5)]" (1PN, + 5 1Pl +e2)

11
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with HP||? =By s wes, P [Hw||2] (resp. Ps) and Wy the Wasserstein distance (Section E.2).

The main feature of Proposition 13, proved in Section E.2, is to relate the expansion term to
the Wasserstein distance W5 (0, Ps, 0, P). Note that this term is local, i.e., it is computed for every
point 2 € R and expected over the posterior distribution. In the case of SGD, with a relevant choice
of P, we typically have Wo (6, P, 0, Ps)? < n*Ey [Hﬁs(az, U) HZ} , with the notations of Example 1.
Similar Wasserstein distances between Markov kernels have been extensively studied in the context of
convergence and geometry of Markov chains (Rudolf and Schweizer, 2017; Ollivier, 2007) and have
been used by (Zhu et al., 2023) to obtain stability-based bounds for SGD. Therefore, Proposition 13
connects our framework and the prior art through these Wasserstein terms.

Proposition 13 relies on a condition of linear growth of Vlogv; = Vlogu; — V log ;. This
assumption can be seen as an assumption on the tail of the posterior density 7 and can hint towards
good choices of prior, i.e., with similar tails as the posterior density. For instance, if we use a
Gaussian prior as in Corollary 10, it boils down to a linear growth assumption on the score’ of the
posterior density. Finally, note that a related condition was used by Li et al. (2020, Section A.4).

Second-order analysis. Proposition 13 contains kernel norm terms || Ps||, and || P||, possibly large
when ¢; > 0. In particular, the diffusive priors studied in Section 4.2, make the term || P||, of order
V/d, leading to a multiplicative constant of order Vel d'/*//n in the final generalization bound.

To address this potential issue, we observe that the proof of Proposition 13 can be seen as a
1%%-order Taylor expansion of the Pg and propose to extend it to a 2"4-order expansion through
stronger assumptions. For the sake of simplicity, we focus in Theorem 14 on the case of regularized
SGD, i.e., Xp11 = (1 — A\n) Xk — ngs(Xk, Uy) with the notations of Example 1. Nevertheless, the
methods presented here may be more generally applied to other algorithms, see Section E.2.

Theorem 14 (Generalization bound for regularized SGD) Assume that { is s>-subgaussian and
Assumption 1 holds with 7 the invariant measure of the Markov process of Corollary 10 with v = An
and o > 0 a noise scale. We further assume that there exists 3 > 0 such that 0 < \V& log(vy) = By,
forallt € [0, T]. Then, we have, with probability at least 1 —  over S ~ u2" that:

2s T —An(T—t ~ —\nT 312
Ep;[as]sﬁ{ /0 B, s [Q (s (e, D)l de 4+ Ko log 7

where Q(X,Y) := X (ﬁY + HV log u; (0) H) +np (X2 + )\2Y2) is a 2"-order bivariate polyno-
mial, Ko := KL (po||7) and U is the randomness of the batches in the stochastic gradient gg.

Let us first note that the assumption 0 < V?logv; < 81, implies the linear growth assumption
of Proposition 13 (with ¢; = f and ca = ||V logw:(0)|]). The lower bound of this condition
(0 < V2 log v;) implies that the Radon-Nykodym derivative v; is convex and non-bounded, which is
non-trivial but still a priori compatible with Assumption 1. Moreover, in Theorem 14 the prior 7 is
chosen to be a Gaussian distribution NV'(0, 021,), thus, V2log v, = V2loguj + 1/02. Therefore,
in the case where a condition of the form —bI; < V?log(us’) < bl holds, Theorem 14 suggests to
choose 7 so that V2 log vy >= 0. Once such a prior is chosen, Assumption 1 remains the sole regularity
condition conducing to Theorem 14. As can be seen from the proof in Section E.2, this positive

7. Given a probability density function p, the score function is defined as = — V log p(z).

12
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semi-definite condition can be relaxed to —31; < V?log(uy) < BIy, at the cost of introducing
dimension-dependent terms in the bound.

Finally, we see that Theorem 14 relates the generalization error of SGD to the stochastic gradient
norms, averaged over the posterior distribution. Similar quantities classically appear in the study of
noisy SGD (Mou et al., 2017; Negrea et al., 2019; Haghifam et al., 2020; Dupuis and Simsekli, 2024)
and were already involved for non-noisy SGD in the bounds of Neu et al. (2021). Compared to (Neu
et al., 2021), the main advantage of Theorem 14 is the presence of the exponential decay e (7=

6. Conclusion and Future Work

We introduced a framework to understand the generalization error of Markov algorithms through
Poissonization. We found a closed-form expression of the associated entropy flow and connected it
with a class of modified log-Sobolev inequalities. We showed the relevance of such inequalities in
several cases of interest. We further demonstrated the efficiency of our method for both noisy (e.g.,
SGLD and noisy SGD) and non-noisy algorithms (e.g., SGD).

Future directions. We focused our analysis on KL-based bounds through the function ®(z) =
2 log(x) and modified LSIs. Another route would be to change ® to ®5(z) := |||/, in which case
our proof technique of Theorem 9 leads to a Poincaré (or spectral gap) inequality. Combined with
the theory of Ricci curvature of Markov chains (Ollivier, 2007), this opens new research directions
to obtain new generalization bounds and differential privacy guarantees. Finally, the extension of
Poissonization to other algorithms (like ADAM) is an important direction for future work.
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The appendix is organized as follows:

* In Section A, we present additional technical background related to semigroups and their
infinitesimal generator, which we use in some of our proofs.

* In Sections B to E, we present all the omitted proofs of our main results.

* Section F presents additional background on depoissonization, to complement the discussion
of Sections 2 and 3.

Appendix A. Additional background on semigroup theory

In this subsection, we briefly introduce Markov semigroups, to present concepts and notations that
we use in some of our proofs. For elementary introductions, we refer the reader to the tutorials of
Schilling (2016, Section 5) and, specifically for diffusion semigroups, Chafai and Lehec (2017).
More detailed accounts can be found in (Bakry et al., 2014; Xiao, 2004).

In all this section, we consider the Banach space Cs, of functions R¢ — R that are continuous
and vanish at infinity (lim; o f (%) = 0), equipped with the uniform norm ||-|| _.

A stochastic process (X¢);>0 is a time-homogeneous Markov process if the law of (X)4>¢ given
(Xs)s<t is the same as the law of (X)s>¢ given X and the law of (X)s>0 given X.

The semigroup of X is a family of operators (P; : L= (R%) — L>(RY));>¢ defined as P, f(z) =
E*[f(X¢)], where IE* means that the process is initialized by Xo = = € R This is called a
semigroup because of the so-called semigroup property, i.e., Pr o Ps = Psyy.

Definition 15 (Infinitesimal generators) The generator L of the semigroup (Py;)>0 is defined as
the following limit in (Coo, ||| )-

Lf =1
=1

Pf—f
—

The domain D(L) of L is the set of functions for which the above limit exists.

Under appropriate conditions (see (Schilling, 2016, Lemma 5.4)), L satisfies the backward
Kolmogorov equations %Pt f=LP,f = P.Lf, which we use in several places. These equations

justify the (informal) exponential notation of the semigroup by P; = et~.

Remark 16 (About D(L)) In the above definitions, we used the Banach space Co,, because it
provides a good framework to define semigroups and generators properly (Schilling, 2016). For
the semigroups we consider (Ornstein-Uhlenbeck and Langevin semigroups with regular enough
potential) we mostly work in the space Cg (R?) of bounded twice continuously differentiable functions
with bounded derivatives of order 1 and 2 (Chafai and Lehec, 2017).

Let us quickly give two examples of semigroups and generators of particular interest: Poissonized
and Langevin semigroups.

Discrete-time Markov processes. A stochastic process (X )xen is a time-homogeneous Markov
process if, for all k£ € IN, the law of X} given (X, ..., Xj) is the same as the law of X} given
X}, and is independent of k.

Let us provide a semigroup formulation of the Poissonization procedure displayed in Section 2.
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Example 2 (Semigroup formulation of Poissonization) Let us consider a discrete-time Markov
process (X ) kew with kernel P and its Poissonization (Y;)¢>0 as defined in Section 2. Then (Y:)i>o is
a Markov process and we can consider its semigroup (Q¢)¢>0. As noted by Diaconis and Saloff-Coste
(1996, Section 2.1), it can be expressed as:

Quf(z) =e™" Z

Moreover, the infinitesimal generator of the Poissonized semigroup is L = P — 1.

Langevin semigroups. Finally, let us consider the SDE dZ;, = —VV(Z;)dt + V2dB;, as in
Definition 8. Then the infinitesimal generator of (Z;);>¢ is Lf = Af — (Vf, VV). Moreover,
if we introduce the so-called “carré du champ™ operator® T'(f) := ||V f||%, then L satisfies for
smooth functions ¢, : R — R the following diffusion property Lo(f) = o' (f)Lf + ©"(£)T(f),
and the integration by part formula [ ¢Lidr = — [(V, Vi))dr, where 7 e~V is a reversible
measure for the process. We refer the reader to (Bakry et al., 2014; Chafai and Lehec, 2017) for
more background on diffusion semigroups and, in particular, the associated Poincaré and logarithmic
Sobolev inequalities, which we will use in some proofs (with appropriate references).

Appendix B. Omitted proofs of Section 2

In this section, we provide the omitted proofs of the technical results mentioned in Section 2, in
particular the “Boltzmann” equation (4). We start with the following technical lemma.

Lemma 17 let (X;)rew be a sequence of absolutely continuous random variables in R¢ with
probability density functions (PDF) denoted py, and (ci,) e a sequence of positive numbers such that
> kew ¢k = L. Let Z be a random variable independent of (X )kew s.t. Vk € N, P (Z = k) = ¢y,
and define Y := X 7. Then, the PDF of Y is given by x — 3 ;. . ckPk (). In particular, the latter
sum is almost surely finite in RY.

Proof Let A € B(R?), we have:

P(YcA) = (U{XZGAZ—k}>

( {X) € A, Z-k})

Z (Xe €A, Z =k)
Z (X € A)P (Z =k) (independence)
k=

:/ chpk@)da:. (Tonelli’s theorem)
A

8. The French term is used even in English (Bakry et al., 2014; Chafai and Lehec, 2017).
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By definition of the Radon-Nykodym derivative, we obtain the desired PDF for Y. |

We can now present the proof of the Boltzmann equation (4). It should be noted that the proof
is formally similar to the proof of (Lasota and Mackey, 1994, Equation 8.3.7), which we adapt to
our setting. We report it here because both setups are slightly different and to justify our technical
assumptions.

Lemma 18 (Boltzman equation) Let (Xy)rew be a discrete-time Markov chain in RY such that
forall k € N, Xy has a PDF denoted py. Let (Y;)i>0 be the Poissonized process as defined in
Section 2. Then, Y; has a PDF u;(x) = u(t, x) which satisfies the following Boltzmann equation:

Ouy

ot = (P*—I)Ut

Proof Let ¢ > 0, we first apply Lemma 17 with Z = N; and ¢;, = e~'t* /k!. Therefore, we have the
following expression of the density of Y;:

u(t,z) =e tzk|pk

Now let a < b and consider t € (a,b), we apply again Lemma 17 with ¢g = 0 and ¢ =
e ’b*=1/(k — 1)! for k > 1, this gives in particular that the sum Y, -, b*71/(k — 1)!py(2) is
finite for almost all 2 € R?. Thus, we can differentiate under the sum (Bogachev, 2007, Corollary
2.8.7) and obtain that for almost all z € R?, we have:

881; = tz k,pk t; ,pk
Z P*pk

where we used that pi1 = P*pj. by the notations of Equation (3) (recall that p; denotes the PDF of
X}.). Using Tonelli’s theorem twice, we get that for any A € B(R?), we have:

=R _ tk
/Ae tgklp pr(z)dr =e tZk'/ P*py(r)dz
= 7tz /PllA z)pr (@
—/P]IA(x)u(t, x)dz

Moreover, the function = — >, v %P*pk (z) is Borel measurable as a limit superior of measurable
functions. This shows that, if p; denotes the law of Y;, then p, P has a PDF given by the preceding
sum. Thus, according to Equation (3), we can write:

/ Pla(2)ult, z)dz /A Pru(t, ) (2)dz.
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This implies that for all A € B(R¢), we have:

/A27;(757$)dx:/A{—u(t,x)—l—P*u(t,x)}da:.

This finally implies the desired equation. |

Remark 19 (Weak form of the Boltzmann equation) Let us denote by p, the probability distribu-
tion of the Poissonized process Y. Then we can write:

Op

o = (P —1). (10)

Equation (10) should be understood in a weak sense, i.e., for all test function f we have:

glt/fdptZ/fd(PtP)_/fdpt'

Appendix C. Omitted proofs of Section 3

We first prove Theorem 3, concerning invariant measures of Poissonized processes.

Theorem 3 Assume that |¢| < B < oo and that TV (uy, i°) — 0 for some pi° € P(RY), a.s. for
S. Then, a.s., E UGS(Xk) — Gg(Y?)||S] — 0. If moreover there exists C > 0 and ag € (0,1)
such that, a.s., TV (g, 1) < Csak, then, a.s., E [|Gs(X})) — Gg(Y,f)HS] < 4BCge~(1-as)k,
If U is L-Lipschitz, then we can replace TV by the 1-Wasserstein distance W1 (and 2B by L) in these
statements, e.g., if W1 (i, p°) < Csall, then B [|Gg(X}) — GS(YkS)HS] < 2LCge~(1-as)k,

We use the convention: TV (u, V) := sup acp(ra) [11(A) — v(A)].
Proof First part of the statement. Let us fix S € Z" such that the convergences that are assumed
almost surely hold ( i.e., TV (uy, %) — 0). Let p; denote the law of X}, we have, for any
A € B(RY) (see Lemma 18):

7tz k,Mk

As uf converges to us in total variation, for all € > 0 there exists X € N, such that for all £ > K
and all A € B(RY), | (A) — p¥(A)| < e (i.e., K does not depend on A). Therefore, we have:

K—
VA € BRY), |pF(A) — pS(A)] < e + 2~ Z

k=0

where the last term is smaller than ¢ for all ¢ greater than some ¢((K), depending only on K. This
shows that T\/'(,ogq , its) — 0, hence, by the triangle inequality and boundedness of ¢, we get:

B (|Gs(XE) - Gs(OiP)|S] < 21l TV (1} ) —. 0.
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Now we assume that there exists Cs > 0 and ag € (0,1) such that Vk € IN, TV(ug, pd) <
C’ga'g, then we have, for any A € B(Rd):

—_ Csef(lfas)t'

=
107 (A) = pS(A) < ety 5 liR (A) — i (A)] < Cse™
k=0

k=0

Thus, by the triangle inequality for total variation, we get, for all £ € IN:
TV (15, pf) < TV (g, 1) + TV(p§, 1) < Csaly + Cge~ 1709k < 20ge~(1-as)k)

where we used that @ < e~(1=%) hence, E [|Gs(X)) — Gs(Yi)|[|S] < 4|/¢], Cge17as)k,

Second part of the statement. We now assume that ¢ is L-Lipschitz continuous and use
Wasserstein distance instead of TV. We sketch the proof as it is similar to the previous case. The
main argument, is that by convexity of the Wasserstein distance W (see (Farghly and Rebeschini,
2021, Lemma 2.3) and (Villani, 2009, Theorem 4.8)), we have:

Wi(py, ns) = (tz = ety !u> (11)

keN kEN

_ tk
<e 'Y Wik ps). (12)
keN

Then, if we assume that W1 (uf , %) — 0 and fix € > 0, we know that there exists K € IN such
that Vk > K, Wi (uy, 1°) < € and we obtain that W1 (pf, 15) — 0 by noting that:

K-1

Wi(pf,pus) <e+ <OI<I}€8%XK Wl(uf,ps)) et Z — — 0.
== k=0

We conclude by Kantorovith duality (Villani, 2009, Theorem 5.10) and the triangle inequality.

Finally, under a Wasserstein ergodicity assumption, i.e., Wi(p¥, us) < Cgalg with Cg > 0
and ag € (0,1), Equation (11) implies that W1 (p5, ng) < Cge~ (1729t We conclude again by
Kantorovith duality and the triangle inequality for 7.

|
We can now prove our entropy flow formula, i.e., Theorem 4.
Theorem 4 (Poissonized entropy flow) Under Assumption 1, the entropy flow is given by:
d
=KL (97 llme) = Appg(vr) = Banrmyyms,p [Do (vi(2), ve(y)] (5)

dt

where Dg(a,b) := ®(a) — ®(b) — ®'(b)(a — b) is the Bregman divergence. We call the first term
Appgs(vr) == Es [(Ps — P)log(v;)] the expansion term and the second the Bregman term.

Proof In this proof, we use the notation 0; as a shortcut for 9/9¢. We also recall the notation
®(x) = xlog(z) (the reader may note that this proof is valid for more general convex functions ®).
We also use the notations Lg := Pg — I and L := P — I (which correspond to the infinitesimal
generators of the Poissonized processes). We denote accordingly Ly = P — I and L* = P* — 1.
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We start by noticing that Assumption 1 additionally implies Pv; € L!(m;), indeed, if we let
yo = infy> {®(y) > 1}, we can show that 0 < Pv; < yo + 2 + P®(f), which is in L' (m;) by
Assumption 1. Thus, by Item H.1 in Assumption 1 and Equation (3), we obtain:

d S
EKL (pflIm) = & / (vp)urda

Ut 8t’l}t utdaz+/<l>(vt)(8tut)dx

/(I)’ U dx—/@’(vt)vtL*utdx—&—/@(vt)L*utdx

Lg (®'(vy)) ufdz: — /L (@' (v)ve) wedz + /L (®(vy)) updx

+ / / un(#) [ (@)@ (w1(2)) — 0()® (wr(y)) + B(ur(y)) — By (x))] P, dy)de.

Note that by the fact that Pv; € L!(7;) and Assumption 1, all the integrals above are well-defined.
By recognizing part of the desired Bregmann divergence, we obtain:

gKL (pf||me) = /LS (@ (vr)) uf do — /P (@' (vr)) vewed + /utvﬁbl(vt)dx

dt
- / Da (us(x), 01(y)) we () P(x, dy)da,

which leads to the result by recalling that L = P — I and noting that by definition Lg — L = Pg — P
and vy = uj as well as the obvious fact that ®’(z) = 1 + log . [ |

Appendix D. Omitted proofs of Section 4
D.1. Omitted proofs of Section 4.1

Corollary 6 Assume that Assumption 1 holds and that P has an invariant measure 7. We have

d
&KL (prw) =E,s [(Ps — P)(log v)] — Ex(log vt vy).

Proof Let ®(z) = z log(z). By Assumption 1 and invariance of 7 under P, we have (with f = v;):
of.f) = [ 1= P)@ o fan
— [[ 1@ @ @) - ¥ (0 Pl dyan(a)
= [[ @) - 817w + @@ (7)) - ¥ W))] Plady)in(z)
— [[ @) - 2w + FO(1w) - @ (7)) Pl dy)in(z)
— [[ Datr@). 1) P, d)in(a),
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This completes the proof. n

Theorem 7 (Generalization error of Poissonized algorithms) Assume that ( is s*>-subgaussian,
Assumption I holds, and the prior dynamics has an invariant measure w which satisfies a modified
LSI with constant -, in the sense of Definition 5. Then, with probability at least 1 — ( under S ~ p&":

1
2 T 3 2
Epnps [Gs(w)] < 7% {/0 e " T=DAp p(v)dt + e TTKL (po||7) + log (C>} .

Proof By the subgaussian assumption on the loss ¢, we can apply Theorem 2 to get that:

p lIm) +1og(3/¢)

KL (
Py _en | B,s[Gs] < 25 >1-(. (13)

Now by Assumption 1, we apply Corollary 6, which gives:

d
KL (92 lIm) = Ap ey (v1) = Ex(log(vr), vr) < Appy(vr) = YKL (57 I7)

where the inequality follows from the modified LSI and noting that Ent, (v;). Now we solve
this differential inequality by looking at F'(t) := ¢"'KL (pf ||7). A simple calculation provides
F'(t) < €M Ap pg(vy). By integrating, we immediately obtain:

t
KL (ufHW) < e "KL (uo]|7) +/ C_v(t_s)Ap?pS (vs)ds.
0

The result follows by using this inequality inside Equation (13). |

D.2. Omitted proofs of Section 4.2

For a probability measure v and a function f, we recall the notation for the entropy functional:

Ent? (f) := E, [9()] - @ (E, [/]).

Theorem 9 (Modified LSI for diffusive priors) Assume the Markov kernel P to be representable
at time tg by a diffusion with an ergodic invariant measure m, as in Definition 8. Let K > 0 and
f € C2(RY) a positive function s.t. Yz, f,log(f) € L' (6,P), and flog(f), Pflog(f) € L' (n).
If m satisfies a LSI with constant K, then we have the modified LSI:

Ex(log f, f) > crsiEntr (f), (7

Ktg

Ktg
1+Kto* .

with cr,s1 = If we have V2V = K1, then the constant is improved to crg1 = 1 — e~

Proof In this proof, we use the function ®(z) = zlog(xz). We will use repeatedly the operator
I associated with the Langevin equation of Definition 8, I'(¢)) := |[V4||>. It has been briefly
introduced in Section A, see (Chafai and Lehec, 2017; Bakry et al., 2014) for more details.

Step 1: Let f € C%(IRY) satisfy the assumptions of the theorem.
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Let &, be the Dirichlet form associated to P, (see Corollary 6) and (H;) the diffusion semigroup
representing P in the sense of Definition 8. We denote by Ly the infinitesimal generator of (H;). It
is known that the invariant measure 7 is reversible for the semigroup (H;) (Chafai and Lehec, 2017,
Chapter 5) Using the concavity of ®’ we get:

voff)= [ fe(pn- [ 1pe(pyn

= / fo'(f)dm — / fHy® (f)dr (representability)
/ fo'(f)dm — / H o fHy® to (f)dm (reversibility and semigroup property)
> /f@'(f)dw — /Htofq),(Htof)dﬂ' (Jensen’s inequality)

= /Ho (fo'(f dW—/Hw‘O fo (Hto f)dm  (invariance)

| |
\_/

Note that Hi, f® (He, f) € LY(7) in virtue of the inequalities —1/e < Hiy f®'(Hy, f) <
2 2 2 2
Hi®(f) + Hyy f, which is in L'(7) by Assumption 1.
2 2

We will now prove an inequality satisfied by &€ (f). As a first step, we additionally assume that
f is bounded from below by a positive constant (i.e. f > € > 0) and that f is bounded and has
bounded derivatives or order 1 and 2. This ensures that all the derivations below are justified. Let
U(z) := 2®'(x) — ®(z), which is convex (for our choice of function @, it is the identity) and obtain:

E(f) = / Entgjo‘bdw = / Entfy, (f)dr + / Entyy, (f)dr > / Entf;, (f)dm,

Additionally, let’s recall the following two classical computations, which follow from the diffusion
property of Ly and the integration by parts formula for Ly (Chafai and Lehec, 2017, Section 5).

@ Entd, (f) (z)dn(z) = — / & (H,f) Ly Hy fdr = / " (Hyf)T(Hof)dm,  (14)

and by ergodicity we have Ent%0 (f) =0 = limy_, Ent® (H,f). Similarly:

%Emj{’ (Hyf) = / & (H,f) Ly Hy fdr = — / &"(H, f)T(H,f)dr. (15)

From Equation (14) we deduce that:

&)= [ends, (nar= [* [r0@" (0 )imas (16)
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Proof of Equation (7): Now we can apply the logarithmic Sobolev inequality for 7 to obtain:

g
> 9K / " Ent, (H,f)ds
0

2 [T [T(H
=2K / ’ / / (l}if)dTrduds (Equation (15) and ergodicity)

+oo
=2K min | u, ¢ —— % drdu
=2 / ( 20)/ F%ff)

+o00
> Kty

Combining both inequalities gives us that, for any a € [0, 1], we have:

= o) [ Dy [ gy

which leads to:

+oo
0<a<1 0 Huf

_ Kty
o Ktyg+1

Entr (f),

where we used that by Equation (14), we have:

e[V

Case where V2V = K 1;: Because of the strong convexity assumption on V/, by (Chafai and Lehec,
2017, Lemma 5.6), we know that the semigroup (H;);~¢ satisfies the CD(K, oo) conditions (see
(Bakry et al., 2014; Chafai and Lehec, 2017)).

By the formula for &, (f) and the reversed local LSI (Bakry et al., 2014, Theorem 5.5.2) we have:

_ Kito _ FHLof)
Eﬂ(f)z/Ent}I}to (f)dr > © ;K ! (H:f ar.

By the CD(K, 0o) condition and ergodicity of 7, it is known that 7 satisfies the (classical) LSI with
constant K (Chafai and Lehec, 2017, Theorem 5.10). Thus, by this LSI and Equation (15), we get:

“+oo

E+(f) > (eX0 — 1) Ent, (H%Of) = (Kt — (17)
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Combining Equation (16) and Equation (17), we obtain as in the previous case that:

Ex(f) > azl[g)l] min (a, (1—a) (eKtO — 1)) /0+00 / Fg}f) dnds

Kt 00
= % /+ / L) s,
eftto 0 Hf

Step 2: We have proven two inequalities of the form & (f) > cLsiEnt, (f) for functions f
satisfying the assumptions of the theorem and bounded from below and with bounded derivatives of
order 0, 1 and 2 (the constant c; 51 > 0 depends on whether or not we assume V2V = KI;). We
finish the proof by classical approximation arguments, see for instance (Otto and Villani, 2000).

Let f satisfy the assumptions of the theorem. First, we assume that f is additionally bounded
from below by some ¢ > 0. Let ¢,, € C3°(R?) be a sequence of smooth functions with compact
support such that 0 < ¢, < 1 and ¢, — 1 pointwise (it can be constructed through the theorem

of partitions of unity, see (Grubb, 2009, Theorem 2.17)). Let f,, := € + ¢,,(f — €). Then we have
|®(fn)] < f (2|log(e)| + log(f)) € L' (), hence by the dominated convergence theorem:

Ent, (fn) — Entr (f).

By a similar argument, we have [ Hy, f,,log Hy, fodm — [ Pflog fdm. This is enough to extend

the inequalities to functions f that ar2e bounded 2from below.

We now extend to general f satisfying the assumptions of the theorem. For n > 1, let f,, :=
fn+ % Using the properties of ¢, we prove that —% < 2|®(f)| +21og(2)(1 + f) € L'(n), hence,
by the dominated convergence theorem we have Ent, ( fn) — Ent, (f). We also clearly have
H.f, — H.f pointwise. Moreover, by Jensen’s inequality, we have:

_?1 < H%OfnbgH%ofn < H%O(fnl()gfn) < H%O (2|(I)(f)| +2log(2)(1 + f))a

— e

hence, H¢, fylog Hyy < 2 + P(|®(f)|) € L' (). Therefore we conclude again by the dominated
2 2 _ _
convergence theorem that [ Hy, f,, log He, fodm — [ P flog fdm. This concludes the proof. M
2 2

Corollary 10 Consider the Markov process defined by Xj11 = (1 — v)Xg + oN (0, 1) with
v € (0,1),0 > 0. Then the associated Dirichlet form &, satisfies a modified LSI with constant ~y.

Proof First, let us note that the Markov process (X )rew admits an invariant distribution 7 =
N(0,02) witho, := 0 /+/1 — (1 — 42). Consider an Ornstein-Uhlenbeck process dZ; = —V (Z;)dt+
V2dB; with V (z) := £ [|z||” and set:

1 1—(1—~)2 1 1
0:2—2:¥, to ::log().
fop o c 1—v

Let (H;) be the semigroup of (Z;). By Mehler’s formula (see (Chafai and Lehec, 2017)), one may
note that P = H,, and that the invariant measure of (Z;) is 7. Finally, we note that V2V = ¢l and
that ct) = — log(1 — ). The inequality then follows from Theorem 9. |
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Appendix E. Omitted proofs of Section 5

Corollary 11 Under the above conditions and Assumption 1, a noisy algorithm satisfies:

T

T
KL (¢ rr) < KL (ullmo) + [ Bys [KL@Psll6.P) de = [ Ex, [Do(ur Pular. @)
0 0

If P has an invariant measure m and we use Vt, m, = m, then we can simplify the last term as
Er, [Do(ve, Pv)] = KL (o7 ||pf P1), where P is the adjoint of P in L*().

Proof Theorem 4 gives us that:

d
KL (P1[7e) = Barur, [01(Ps = P)log ] = Barur, yrs, p Do (v(w), vi(y)]

By the inequality a(log a —log b) — (a —b) > 0, we have v; P(log v¢) < v log Puy < vilog vy —vp+
Pu;, which by Assumption 1 implies that v; log Pv; € L'(m;) (we have proven that Pv; € L' ()
in the proof of Theorem 4). Therefore, by Donsker-Varadhan’s formula, absolute continuity property,
and the positivity of v; we have:

Ve € R, Pglogv(x) < KL (6, Ps||6,P) + log Puy(x).

Therefore, using the expression of the Bregman divergence of ®(z) = x log(x), we can write:

d
—KL (PtSHWt) < EprtS [KL (02 Ps||62P)] + Egor, [ve(2)log Pu(z) — ve(x) P log ve()]

dt
= Egrom, [0r(2) (log vi(x) — Plogvy(x)) — (ve(x) — Pui())]

<E KL (0, Ps||0zP)] — Ex, [v: (log vy — log Pvy) — (v — Puy)] .

empd |

The result follows by integrating and recognizing the Bregman divergence of ¢ : = — zlog(z).
Finally, we assume that 7 is an invariant measure for P. As we assumed 0, P ~ Leb(R%), we can
introduce the conditional density p(y|z)dy = P(z,dy). By Bayes theorem and invariance of m, we
can write (z)p(y|x) = m(y)q(x|y), where q(x|y)dz = PT(y,dz). We then conclude by:

uf 1
Ex [v; (log vy —log Pvy)] = E s [log ﬂt_} ~E,s [m/uzg(y)qcrly)dy] =KL ({1107 PT).

where we recognized the integral to be the expression of the PDF of pf Pt |

E.1. Proof of our bounds for SGLD

Before proving Theorem 12, we start by establishing the following more general result.

Proposition 20 Let’s assume that the prior Markov kernel P is representable in the sense of
Definition 8, i.e., there exists a diffusion semigroup (P;)¢>0 with reversible ergodic distribution T
and ty > 0 such that P = P,,. Assume further that V2V = KI; (K > 0) with the notations of
Definition 8 and that Assumption I holds for K = P, then we have:

1 [T 1
KL (o) < © /0 R E, s [KL (5, P5][6,P)] dt,
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with the constants q and Tg given by:

-K
1 — e Ko 1:1_67[“0.

4= T 7. —_
1—e 2K’ x

Proof The first step of the proof is a refinement of the proof of Corollary 11. Let us denote by 7
the reversible (and invariant) distribution of (P;);>0 and by £ its infinitesimal generator. As before,
we denote L = P — I (L is the generator of the Poissonized semigroup while L is the generator of
the semigroup (P;):>0). Note that we have proven in the proofs of Theorem 4 and Corollary 11 that
Assumption 1 implies v; log Pv; € L'(), which justifies the computations below.

As 7 is invariant under P, we can apply Corollary 6 to write:

EKL (prW) = E; [v:(Ps — P)logv;] — Ex(log vy, vr),
where we used 7 as the time variable to avoid later confusion with (P;)¢>o.
By Donsker-Varhadan formula, we have, forall 7 > 0,5 € 2", ¢ € (0,1] and = € R<:

Pslog vy (z) = ;Ps log (1) (z) < ;KL(chPSHSxP) + ;log (P9 (x). (I8

Note that Holder’s inequality implies that v € L'(6,P). Consider a differentiable function
q : [to/2,to] — (0,1], which will be determined later. Let f : RY — R be a C? positive function s.t.
Vo € RY, log f € LY(6,P) N L' (5,Ps) and flog f € L'(5,P). We first assume that f is bounded
from below and has bounded derivatives of order 0, 1, and 2. We introduce the quantity:

a(t) = log P, (fq“)) .

1
q(t)

Let us denote g; := P, ( f ‘J(t)), by the chain rule we have:

(t 1L '(t) P (f19 1o
O/(t):_Q()ng L L Lo d'(®) P (S7 Mog(f))
q(t) a(t) g«  a(t) gt
Let us denote I" the carré du champ operator, i.e., in our case I'(¢)) := || V1)||%, see Section A. By
the diffusion property (see (Chafai and Lehec, 2017, Section 5.4)), we have:
10 1 T(g)\ | ¢'(t) P (19 log(f))
o (t :_q( log g +<[,logg+ + 2
D= w2 Pt e ) T
q(t) 1 ( L)\, ¢'(t) Bntp (/1) + g1 log g
— logg: + — | Llog g: +
g(t)> "7 q(t) g Ty 9t
1 F(Qt)) q(t) EntPt (f t))
=—— | Llogg: + +
a(t) ( ST ) Tar

Now we assume that V¢ > 0, ¢/(t) < 0 and we note that by (Chafai and Lehec, 2017, Lemma 5.6)
V2V = K1, is equivalent to the semigroup (P;);>¢ satisfying the CD (K, co) condition (see (Bakry

31



DupruiS HADDOUCHE DELIGIANNIDIS SIMSEKLI

et al., 2014)). Thus, by the reverse local logarithmic Sobolev inequality (Bakry et al., 2014, Theorem
5.5.2 (v)), we have:

q(t) 25 —1T(g)
q(t)? 2K g7

/ 1 L'(gt)
a'(t) < @ <£loggt+ P > +

Based on this inequality, we choose the function g on ¢ € [ty/2, to] to be (recall that P = P;)):

bO2K
q(t) = exXp <— \/;0 62Ku_1du> .

2

This leads to the following differential inequality, for all ¢5/2 < t < ¢:

1
o (t) < —Llog(gs) = La(t).
(1)< gy 1oslon) = Lol
We can now write for tp/2 < s < tg that:
d

i (Pyy—sa(s)) = =L Py, —sa(s) + Pry—s'(s) < —LPyy—sa(s) + Pyy—sLa(s) = 0,
where we used that the semigroup (P;)¢>0 commutes with its infinitesimal generator £. Therefore,
the map s — Pj,_sa(s) is decreasing. In particular, by using ¢(tp/2) = 1 and the interpolation
condition P = P,, we have:

1
q(to)

By using similar classical approximation arguments as at the end of the proof of Theorem 9, we
extend the above inequality to positive twice continuously differentiable functions f : R — R
such that Vo € RY, log f € L'(§,P) N L' (6,Ps) and flog f, fPlog(f) € L'(r). By reasoning
as in the proof of Corollary 11, this also implies that f log P(f?(*)) € L'(r). By Assumption 1, v,
satisfies these conditions. Thus, by reversibility of 7 under the semigroup (P;);~0, we have:

log P <fq(t°)) =a(ty) < Py« to = Py log Py f. (19)
2 2 2 2

1
—E, |:U7— log P (vﬁ(to)ﬂ < E, [PLOUT log PLOUT] .
q(to) 2 2
We now plug this into Equation (18) and get:

d 1
KL (pflIm) < 20y Bes (KL (8:Ps13:P)] + E [P%OUT log Pig vr - v Plog(v;)|

+ E; [v,Plog(v,) — vy logv,],

which by invariance of 7 under P; /5 leads to:

d_ 1
— < — t t —
KL (P7lIm) < e [KL (3P0, P)) + B [P?OUT log Pig vy — Prg (v log(UT))]
1
— B [KL(0,Ps||0,P)] — E; |E Al
g KL (6. PS5.P)] ~ B [Ent, (o)
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Finally, we note that IE; [Ent Py (’UT):| = &,(v,), where &, has been introduced in the proof of
2

Theorem 9. By the same proof we obtain:

d 1 _
G KL (F117) < o [KL (3. Ps]10:P)) = (1= ) KL (o))

We conclude by solving this differential inequality and using exp ( J fg 62;(QUK_ldu) = % |
2

We can now prove Theorem 12 as a corollary of the above proposition.

Theorem 12 (Poissonized SGLD) Consider the Markov kernel Ps corresponding to SGLD with
nA < 1 and take P and m to be the Markov kernel and the invariant distribution of the recursion
Xis1 = (1= An) Xk + oN(0, I). Assume that Assumption 1 holds, then we have:

n2(2 - \n

T
KL (pflim) < -5 ) /0 ITNE, o 1 1G5 (2, U] dt. ©

Proof We apply Proposition 20 by introducing the same SDE as in the proof of Corollary 10. The KL
divergence KL (6, Ps||0,P) is bounded by classical arguments, see (Neu et al., 2021, Lemma 4). l

E.2. Omitted proofs of Section 5.2

Before stating the proof of Proposition 13, let’s recall the definition of Wasserstein distance.

Definition 21 (Wasserstein distance) ler 1 and v be two probability measures. We denote by
I'(u, v) the set of all couplings between . and v. The Wasserstein’s distance Wy is then defined as:

1

2

wap) = it [l s}’
vel(p,v)

Proposition 13 Assume that, for all t € [0, T, there exist constants c1,ca > 0 such that vy satisfies
the linear growth condition Vx € R%, ||V logv(x)|| < c1 ||2|| + co, then we have:

1l /c C
Appg(ve) < By [Wa(6.P.0:Ps)*)* (1Pl + 5 I1Psll, +c2)

with |P|)? == E [HwHQ] (resp. Ps) and Wy the Wasserstein distance (Section E.2).

mNptS,wNémP

The proof is inspired by (Polyanskiy and Wu, 2016, Proposition 1) and Raginsky et al. (2017).
Proof Let v, € I'(d,P,d,Ps) that is optimal (see for instance (Alfonsi et al., 2016)) for the
Wasserstein distance Wo(d, P, 6, Ps) and (U, V') ~ .. We denote by p;y & ~,. the joint distribution
of z ~ pf and (U, V) ~ 7.

By the linear growth condition, we have almost surely:

1
log v, (U) — log v (V) = /0 (Vlogu(sU + (1 —s)V),U — V)ds

<|U-V| (%1 Ul + %1 VI + 02) . (Cauchy-Schwarz’s inequality)
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By integrating over pf ® 7, and using Cauchy-Schwarz and triangle inequalities we obtain:

(Ps = P)(log t1)(x) = E()s, log vi(U) ~ log v(V)
1
<, [Wa(6.P.0:Po)*)* | 10N+ 5 VIl +

L2(pf ©7a)

1/ Cc1
< B, [Wa(6:P,6,P5)%) * (S IP), + 5 1Psll, + c2)

E.3. Proof of Theorem 14

Theorem 14 (Generalization bound for regularized SGD) Assume that { is s>-subgaussian and
Assumption 1 holds with 7 the invariant measure of the Markov process of Corollary 10 with v = An
and o > 0 a noise scale. We further assume that there exists 5 > 0 such that 0 < \V& log(vy) < By,
forallt € [0, T]. Then, we have, with probability at least 1 —  over S ~ u2" that:

2s T T ~ _ 312
By G5l < 22 { [T e M08, @ st O el ar + T Ry +10g 2L
where Q(X,Y) := X (BY + HV log u; (0) H) + 0B (X? + N2Y?) is a 2"-order bivariate polyno-
mial, Ky := KL (po||7) and U is the randomness of the batches in the stochastic gradient gg.

Before providing the proof of this result, we introduce a few notations. We write the posterior
and prior Markov operators in the following form:

Psf(x) = By, [9s(z,U1)],  Pf(z) = Eyyen, [95(2, U2)]

where g and gg are called the stochastic gradient functions and the probability measures 7 and v»
represent the randomness of the stochastic gradients (recall that S € Z™ denotes the dataset). To
simplify the notations, we introduce an arbitrary coupling v € I'(v1, 2) between v and v5 and, up
to a slight abuse of notations, we write U := (U, Us) and:

Psf(z) = By [f(x —ngs(z,U))]  Pf(x) =Eu [f(z —ng(z,U))].

In the case of Theorem 14, we have gs(z,U;) := gs(x,U1) + Az in the notations of Example 1
(and there is no additional noise, i.e., (; = 0), where gs(z, U) represents the unbiased stochastic
gradient, and g(x, Us) = Az + (o /n)N (0, Iy).

Equipped with these notations, we derive the proof of Theorem 14. These general notations show
that our proof yields a more general result. The proof is based on a Taylor expansion technique of ;.
We note that different Taylor expansions have already been used for SGD (Dieuleveut et al., 2018).
Proof Consider the function ®(z) = xlog(z). Let S € Z™, we denote the expansion term as
before by Ap pg(vt) := E; [(Ps — P)(®' o v)ve]. By Assumption 1, vy is twice continuously
differentiable, thus, by Taylor expansions around 7 = 0 of the functions 7 — v;(x — ngs(x,U)) and
n — ve(x —ng(z,U)), we can write:

1
Appg(vy) = —nEx [vt@”(vt)Vvt . Ag} +n°E, [vt(aﬁ)/o (1—u) (Hf(u) — ch(u)) du| ,

34



POISSONIZED GENERALIZATION BOUNDS FOR MARKOV ALGORITHMS

with Ag the expected gradient difference given by Ag(x) = Ey, [9s(z,U) — g(z,U)]. The
quantities H5 and H, correspond to the following Hessian “norms”, given by:

{Hf (w) = By [95(2, U) V(@ 0 v) (& — ungs(z, U))gs(z, U)]
H,(u) = Eyew [9(z, D)IV2(® o vy)(z — ung(z, U))g(e, U)].

In our case, because gg is an unbiased stochastic gradient, we simply have Ag = Vﬁs(x). By the
assumptions on V2 log vy, this simplifies into:

2
n-B 2
2B s, |l9s(@, U)IP] -
By our assumptions on V2logv;, we see that Vlogwv; is in particular B-Lispchitz-continuous.
Moreover, we note that V logv;(0) = Vlogu;(0), as v; = uy /7 and 7 is a centered Gaussian

distribution. Therefore, we can write, by the Cauchy-Schwarz and triangle inequalities (we omit the
randomness of the batch indices U in gg(z) to simplify the notations):

Appy(vr) < —nE,s [(Viogui(x), VRs(2))| +

N 2

Ap (1) < —nByg [(Vlogvi(a). VRs ()] + LB 54, [Is(x) + al?]
< B, [ (8 2] + ||V 1og uf (0)]) ans )] + 7288 500 1@ + A2 1o
<B,s, | (B2l + ||V 1oguf )] [Gs (@)l + 728 (Igs @) + X |lz]*) |

where the last line follows from Jensen’s inequality.
Finally, by Corollary 10, the prior dynamics satisfies a modified LSI with constant v = An.
Therefore, we can directly conclude by applying Theorem 7.
|

Appendix F. Additional background on depoissonization

In this short subsection, complement the discussion of Section 2 on depoissonization, i.e., the process
of deducing asymptotic properties of a Markov chain from bounds on the Poissonized distribution.
We present part of the analysis of Jacquet and Szpankowski (1998) on this matter. See Section 2 for
additional references on this well-studied topic.
As in Section 2, we denote (Y;):>0 the Poissonized version of a discrete-time process (X )xenN-
We first note that, for an integrable function f, by Fubini’s theorem and independence we have:
1k

+o00
ZE (X)L {N; =k} =e "> E[f( (X)) 77
k=0

We call such an expression a ‘“Poisson transform”. Our theory typically provides bounds on
quantities like IE [f(Y;)] (where f is the generalization error Gg). In this context, the goal of
depoissonization would be to obtain guarantees on It [ f(X})] from these bounds on E [f(Y?)]. To
generalize the above formula, we consider a sequence (g, )nen and extend the Poisson transform to
the whole complex plane as follows:

VzeC, G(z ngk,. (20)
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We make the following assumption on the Poisson transform. For technical background on complex
analysis, we refer the reader to (Lang, 1999; Freitag and Rusam, 2005).

Assumption 2 We assume that the series defining G (z) converges normally for all z € C and that
G is holomorphic in the entire complex plane, i.e., it is an entire function.

First note that (g, ), can be reconstructed if we have full knowledge of G(z), at least on a
countour around 0 in C. Indeed, if C is a circle centered at 0, we have, by Cauchy’s formula (Freitag
and Rusam, 2005, Theorem 2.3.4):

n! e*G(2) n! T

_ _ X0 it ity ,—nit
In =15 s dz = e G(ne") exp (ne') e ""dt.

However, in most practical cases we have little information on the entire Poisson transform ( i.e., we
only know it on the real line). Jacquet and Szpankowski (1998) provided general results to derive
the asymptotics of the initial sequence from that of G, i.e., to show that G (k) ~ g when k — oc.
The main difficulty is that the proof of such results requires asymptotics of the Poisson transform in
regions that are bigger than the positive real line. This is formalized by the following definition.

Definition 22 (Linear cones) Let |0| < 7/2, the 0-linear cone is Sp := {z € C, |arg(z)| < 6}.

Equipped with this definition, we can state a basic depoissonization. Note that Jacquet and
Szpankowski (1998) also provide more general depoissonization results. For the sake of simplicity,
we focus on the basic result.

Theorem 23 (Basic depoissonization lemma, (Jacquet and Szpankowski, 1998)) Assume that As-
sumption 2 holds and that there exists |0| < /2, A,B,R > 0, 8 € R and o < 1 such that the
following assumptions hold:

1. Forall z € Sy, we have |z| > R — \é(z)\ < Blz|5.
2. Forall z € C\Sy, we have |z| > R = |G(z2)e?| < Ae?ll.

Then we have gy, = é(k:) 4+ Ok 00 (k:ﬁ_l).
For instance, if (X ,f )ken is the posterior dynamics ( i.e., learning algorithm) for some S € Z"

as defined in Section 3, and we consider the associated Poisson transform:first version

VzeC, Gs(z)=e Y %E [Gs(X5)|S] .

keN

Then, if for all S € Z", C:’S satisfies the assumptions of Theorem 23 with a constant Sg < 1 and if
(Yts )e>0 denotes the Poissonized process (see Section 2), then we have the following approximation
of the generalization error by its Poissonized counterpart:

E [Gs(X})|S] = E [Gs(Y9)[S] + O (kllﬁs) : (21)

This result complements the depoissonization result obtained in Theorem 3.
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